Abstract. In this paper we consider families of Böröczki-like tilings in hyperbolic space in arbitrary dimension, study some basic properties and classify all possible symmetries. In particular, it is shown that these tilings are non-crystallographic.
Introduction
Let X be either a Euclidean space, or a hyperbolic space, or a spherical space. Consider compact subsets T ⊆ X, such that T is the closure of its interior. A collection of such sets {T 1 , T 2 , . . .} is called a tiling, if the union of the T i is the whole space X and the T i do not overlap, i.e., the interiors of the tiles are pairwise disjoint. The T i are called tiles of the tiling.
In 1975, K. Böröczki published some ingenious constructions of tilings in the hyperbolic plane H 2 [1] . His aim was to show, that there is not such a natural definition of density in the hyperbolic plane H 2 , as there is in the Euclidean plane E 2 . A very similar tiling is is mentioned also in [8] , therefore these tilings are often attributed to Penrose. Let us give a simple description of one of Böröczki's constructions, which follows [5] .
Let ℓ be a line in the hyperbolic plane of curvature χ = −1 (see Figure 1) . Place points {X i | i ∈ Z} on ℓ, such that the length of the line segment X i X i+1 is ln 2 for all i ∈ Z. Let (E i ) i∈Z be concentric horocycles such that X i ∈ E i and ℓ is orthogonal to E i . Note that all E i have a common ideal point O at infinity. On each E i , choose points X j i , such that X 0 i = X i and the length of the arc X j i X j+1 i is the same for all i, j ∈ Z. The line parallel to ℓ, which intersects E 0 at X j 0 , and intersects ℓ at the ideal point O, is denoted by ℓ j . (In particular: ℓ 0 = ℓ.) Due to the choice |X i X i+1 | = ln 2 and χ = −1, the arc on E 1 connecting ℓ 0 and ℓ 1 is twice the length as the arc on E 0 connecting ℓ 0 and ℓ 1 .
Let R be the set of all points between E 0 and E 1 (including E 0 and E 1 itself), and denote the set of points between ℓ j and ℓ j+1 by S j (including ℓ j and ℓ j+1 itself). All intersections R ∩ S j are congruent. These sets will give the tiles of the Böröczki tiling.
Let B := R ∩ S 0 . The boundary of B consists of two straight line edges, labeled c in Figure  1 (centre), and 2 arcs, labeled a and b 1 , b 2 in Figure 1 , the latter being parts of horocycles. The longer arc is subdivided in two halves b 1 and b 2 . For brevity, we will say that B has three edges a, b 1 , b 2 and two straight line edges c. Thus we regard B as a pentagon, and call it Böröczki pentagon. On the edges of type c, we introduce an orientation from edge a to edge b 1 (resp. b 2 ). An edge-to-edge tiling is a tiling in which any non-empty intersection of tiles is either an edge or a vertex. An edge-to-edge tiling of the hyperbolic plane by Böröczki pentagons, respecting the orientations of c-type edges is called a Böröczki tiling. A tiling is called (non-)crystallographic, if the symmetry group of the tiling has (non-)compact fundamental domain, see [7] 1 . Stogrin first realized that all Böröczki tilings are non-crystallographic. In the next sections we will examine the symmetry group of Böröczki tilings in detail.
In Section 2, we describe shortly the situation in the hyperbolic plane H 2 . Some basic terms and tools are introduced. Since Section 2 is a special case of Section 4, some proofs are omitted to Section 4.
In Section 3 we state a necessary and sufficient condition for a tiling to be crystallographic [3] and apply it to the Böröczki tilings in H 2 .
In Section 4 we consider Böröczki's construction in arbitrary dimension d ≥ 2 and give a complete classification of the symmetry groups of these tilings, together with some other properties.
By H d we denote d-dimensional hyperbolic space, by E d d-dimensional Euclidean space, and by N the set of positive integers.
The Böröczki Tilings in H 2
In a Böröczki tiling every tile is surrounded by adjacent tiles in essentially the same way: An edge of type c meets an edge of type c of another tile. An edge of type b 1 (resp. b 2 ) meets an edge of type a of another tile. So an edge of type a always touches an edge of type b 1 or b 2 .
Therefore we consider in the following definitions two kinds of subsets of Böröczki tilings, which are connected in two different ways: either we move from tile to tile only across edges of type c, or only across edges of type a, b 1 or b 2 . Definition 2.1. A ring in a Böröczki tiling is a set (T i ) i∈Z of tiles (T i = T j for i = j), such that T i and T i+1 share an edge of type c for all i ∈ Z. Definition 2.2. Let I be a subset of Z of consecutive numbers. A horocyclic path is a sequence (T i ) i∈I of tiles (T i = T j for i = j), such that, for all i ∈ Z, T i and T i+1 share an edge which is not of type c.
In Figure 2 an example is shown. (Note that in this figure it is not the usual upper halfplane model, but the lower halfplane model, for consistency with Figure 1 .) Figure 2 . A patch of the Böröczki tiling in the half-plane model. The grey shaded tiles show: a horocyclic path of length five (left, it is also the beginning of the tail of the dark tile on top); the tower on the dark tile (right, for the definition of a tower, cf. Section 4). In this model, a ring is a horizontal biinfinite row of tiles.
We always require rings, resp. horocyclic paths, to contain no loops, i.e., all tiles in the sequence are pairwise different. A ring is a sequence of tiles which is infinite in both directions, shortly biinfinite. The boundary of the support of the ring -i.e., the union of all tiles in it -consists of two horocycles. A horocyclic path is either finite, or infinite in one direction, or biinfinite.
If, in the case of horocyclic paths, an edge of type a of T i touches an edge of type b 1 or b 2 of T i+1 , we say shortly: At this position the horocyclic path goes down, otherwise we say it goes up.
Proposition 2.3. Any horocyclic path in a Böröczki tiling contains either only ups, or only downs, or is of the form down-down-
Proof. There is only one way to pass from a tile through an edge of type a to another tile. So there is only one way to go down from a given tile. If we have in a horocyclic path the situation 'T i , up to T i+1 , down to T i+2 ', it follows T i = T i+2 . This situation is ruled out by the requirement, that all tiles in a horocyclic path are different.
So 'up-down' cannot happen, which leaves only the possibilities mentioned.
There are always two possibilities to go up from a given tile T . That means, there are 2 k different paths starting in T and containing exactly k ups (and no downs).
Since there is only one possibility to go down from a given tile T , every tile gives an infinite horocyclic path t(T ) = (T = T 0 , T 1 , T 2 , . . .) of the form down-down-down-· · · in a unique way. This set we call tail (of T ). Equivalently, we may say, t(T ) ∼ t(T ′ ) if T and T ′ are equal from some position on. It is easy to see that ∼ is an equivalence relation. 
• Proof. The tail of any tile T contains infinitely many tiles, all belonging to the same pool. Moreover, from any tile there are starting 2 k horocyclic paths of length k going upwards. The final tiles of these paths are all in the same ring.
So, by going down from T by k steps and after that going up k steps gives us horocyclic paths to 2 k different tiles in the same ring as T and in the same pool as T . k can be chosen arbitrary large, therefore the claim follows.
Proposition 2.8. In a Böröczki tiling in H 2 there is either one pool or two pools.
Proof. Assume there is more than one pool. In one pool there must be a tile T touching a tile T ′ of another pool. They cannot share edges which are of type a, b 1 or b 2 . (In this case they would belong to the same pool, the horocyclic path connecting them is just (T, T ′ )). So they share an edge of type c.
The tile 'below' T , i.e., the tile lying at the edge of type a of T , -say, T 1 -must be different from the tile T ′ 1 lying at the edge of type a of T ′ . (Otherwise, if
would be a horocyclic path connecting T and T ′ .)
Now T 1 and T ′ 1 also share an edge of type c. By the same argument as above, the tiles below T 1 and T ′ 1 are two different tiles T 2 and T ′ 2 . Inductively, we get the tails of the tiles. These give rise to two sequences s = (−1, −1, −1, . . .) and s ′ = (1, 1, 1, . . .).
Moreover, the boundary between the pools, which is the intersection of the two tails, is an infinite line. All tiles 'above' T , i.e., all tiles which can be reached from T by an horocyclic path of the form up-up-up-· · · -up, belong to the pool of T . All tiles 'above' T ′ belong to the pool of T ′ . So in fact the boundary between the pools must be a biinfinite line.
Assume there is another pool. Then, with the same arguments as above, the boundary of this pool must be again a biinfinite line.
The two biinfinite lines cut every ring into three pieces. One piece contains only finitely many tiles, which contradicts Proposition 2.7. Therefore, three -or more -pools are not possible.
Note that we proved more than we needed. In particular, there are two pools iff there are tiles T, T ′ ∈ T , whose tails have sequences s(T ) = (1, 1, 1, . . .) and s(T ′ ) = (−1, −1, −1, . . .).
Proposition 2.9. In any Böröczki tiling holds: t(T
) ∼ t(T ′ ) ⇔ s(T ) ∼ s(T ′ )
Proof. One direction (⇒) is clear from the construction of s(T ) out of t(T ).
The other direction: If there is only one pool, all tiles are cofinally equivalent, and we are done. If there are two pools P(T 1 ) = P(T 2 ), we know from the proof of Proposition 2.8 that these pools belong to sequences (−1, −1, −1, . . .) and (1, 1, 1, . . .). Therefore, if s(T ) ∼ s(T ′ ), then T and T ′ belong to the same pool:
Altogether we get the following. C m denotes the cyclic group of order m, and Sym(T ) denotes the symmetry group of T , i.e., the set of all isometries ϕ where ϕ(T ) = T . 
Proof. (in Section 4)
If there is one pool and [s(T )] is periodic, it can happen, that Sym(T ) contains translations along a line, and also 'glide-reflections', i.e. a reflection followed by a translation along a line. The latter is the case, if s = (s 1 , s 2 , . . .) has a period k as in Definition 2.6, where k is an even number, and if holds:
In the following, we mean by essential period has period 4, and essential period 2. T has a symmetry ϕ, where ϕ is a glide-reflection. The action of the reflection on s(T ) gives (−1, −1, 1, 1, −1, −1, 1, 1, . . .). This is followed by a translation along an edge of type C along two tiles which gives Figure 3 shows a tile T together with its first and second corona.
Proof. Given a tile T . Denote the ring containing T by R 0 . We will denote the other rings in the tiling sequentially beginning at R 0 .
The neighboured ring touching T at the faces of type b (the ring 'above' T ) we call R −1 . The following rings we denote by R −2 , R −3 , . . ..
In the same manner, we denote the other rings ('below' T ) by R 1 , R 2 , . . ..
A horocyclic path from a tile in R k to T has at least length |k|. Therefore,
Since T is face-to-face, and T given, the complete ring R 0 is given uniquely. Moreover, since on the faces of type b 1 and b 2 of T are lying 2 faces of type a, each face determining the position of the tile it belongs to, also the ring R −1 is determined uniquely by T . Inductively follows, that for any k ≤ 0, R k is determined uniquely by T .
So, C k (T ) ∩ i≤0 R i is unique. In other words: All k-coronae look the same, if we only look at the rings R 0 , R −1 , R −2 , . . . (i.e., the tiles 'above' T ).
On the other side, the face of type a of T can be connected to another tile T 1 in exactly 2 different ways. Thus there are 2 different 1-coronae up to orientation preserving symmetries. Since the two arising constellations are mirror images of each other, there is only one 1-corona up to isometries in general.
T 1 lies in R 1 . With the same argument as above, now the ring R 1 is given uniquely, depending on T 1 . Again, T 1 can be connected to a tile in R 2 in 2 different ways. So there are 2 2 different 2-coronae up to orientation preserving isometries. By induction, there are 2 k k-coronae w.r.t. to orientation preserving isometries.
Note that the different k-coronae are in one-to-one correspondence with sequences s = (±1, ±1, . . . , ±1) of length k, as in Section 2. Any reflection changes all the signs from plus to minus and vice versa, so s and −s are identified. This gives 2 k−1 different possibilities. This theorem is a consequence of Proposition 3.2 and the following theorem, which appears in [3] . It is a generalization of the Local Theorem, see [2] . (1) For the numbers N (k) of k-coronae in T holds:
where S i (k) denotes the symmetry group of the i-th k-corona.
Note that Condition (2) makes sense only when Condition (1) is fulfilled. Proposition 3.2 shows that N k+1 = 2N k for k ≥ 1. Thus Condition (1) of the theorem does not hold for k ≥ 1. If k = 0, then Condition (1) is fulfilled. But the symmetry group of C 1 (T ) is trivial, where the symmetry group of C 0 (T ) = T contains a reflection. Thus Condition (2) is violated for k = 0, and Theorem 3.3 follows. In the next section we obtain -with much more effort -a more detailed result.
Böröczki-type Tilings in H d+1
Let us give the construction of a d + 1-dimensional prototile. The construction in Section 1 is a special case of this one, with d = 1. Throughout this section, we will make strong use of the fact that a horosphere in H d+1 is isometric to a 
0 span a cube of edge-length 2 in E d 0 . W.l.o.g., let this cube be
Let H be the layer of points between E d and E ′ d . To be precise:
where conv(S) denotes the convex hull x,y∈S xy of a set S ∈ H d+1 . Then the prototile itself is given by
We call any face-to-face tiling in H d+1 with prototile B d+1 a Böröczki-type tiling (in H d+1 ).
By construction, the prototile B d+1 has altogether 2 d + 2d + 1 facets: One 'lower' facet, arising from 2 ′ ∈ E d , denoted as type a; 2 d 'upper' facets, arising from 2 (σ 1 ,σ 2 ,...,σ d ) ∈ E d 0 , denoted as type b; and 2d plane facets, denoted as type c. Analogously to H 2 , the union of all facets of type a in any Böröczki-type tiling is a sequence of equidistant concentric horospheres (E d i ) i∈Z (as well as the union of all facets of type b). Therefore, we call both types a and b of facets horospheric facets. We should emphasise that each Böröczki-type tiling induces such a sequence (E d i ) i∈Z of horospheres; in the sequel, E d i denotes always one of these induced horospheres.
Let I be a segment of Z of consecutive numbers. In analogy to Section 2, a sequence (T i ) i∈I is called a horospheric path, if for all i, i + 1 ∈ I the tiles T i and T i+1 share a horospheric facet, and T i = T j if i = j. By construction, in H d+1 there are 2 d different possibilities to share a facet in this way. To describe horospheric paths by sequences, we use the alphabet
A horospheric path (T i ) i∈I gives rise to an infinite word s(T ) = (σ (k) ) k∈I over A in the following way: If a facet of type a of T k lies on a facet of type b of T k+1 , which corresponds to the cube 2 (σ 1 ,...,σ d ) , we set σ (k) := (σ 1 , . . . , σ d ).
Also the definition of a ring is analogous to the two-dimensional case.
Definition 4.1. Let T be a Böröczki-type tiling in H d+1 , the union of its horospheric facets the sequence (E
is called a ring.
As in Section 2, the tail t(T ) of a tile T is the infinite horospheric path (T = T 0 , T 1 , . . .) beginning in T , which is of the form down-down-· · · -down.
The equivalence of tails, and the definition of a pool goes exactly as in Definition 2.4 resp. 2.5 (even though here they define objects which are living in higher dimensions). Moreover, the proofs of Propositions 2.3 and 2.7 work in any dimension, so both propositions are valid here.
Definition 4.2. For a tile T ∈ T , we call
For an example of a tower in H 2 , see Figure 2 .
Proposition 4.3. Let P ⊂ T be a pool, T ∈ P and t(T ) = (T =
Proof. Of course, all tiles T ′ ∈ t(T ) are in the same pool as T , since they are connected by a horospheric patch in t(T ). All tiles in W (T ′ ) are in the same pool as T ′ , therefore in the same pool as T . This shows P ⊇ T ′ ∈t(T ) W (T ′ ).
Let T ′′ ∈ P. Then, by definition of a pool, exists a horospheric path connecting T and T ′′ . From Proposition 2.3 follows: Either T ∈ t(T ′′ ), or T ′′ ∈ t(T ), or there is a tileT different from T and T ′′ , such thatT ∈ t(T ),T ∈ t(T ′′ ).
In any of the three cases above, there isT such thatT ∈ t(T ),T ∈ t(T ′′ ). (In the first case: T = T ′′ , in the second case:T = T .)
and we are done.
Let us now investigate the structure of a tower, resp. a pool. Consider a pool P ⊆ T . Fix a horosphere E d 0 , such that a tile T ∈ P has a facet of type
gives exactly the union of the facets of type b of T , which is a cube of edge length 2. Therefore, there are a
Consider the tail t(T ) = (T = T 0 , T 1 , T 2 , . . .). Let us calculate a representation of u 0 (T k+1 ) in terms of u 0 (T k ) and the biinfinite word (σ i ) i∈I encoding t(T ).
In particular, for k ≥ 0, the intersection of the tower W (T k ) with the horosphere E d 0 is a d-cube of edge length 2 k+1 .
Proposition 4.4. In any Böröczki-type tiling in H d+1 the following properties hold:
(1) The number of pools is 2 k , for some 0 ≤ k ≤ d. Proof. Let P be a pool in a Böröczki-type tiling T . By Proposition 4.3, P is the union of towers (W (T k )) k∈N , where W (T k ) ⊆ W (T k+1 ). Let E d be a horosphere that contains some facet of type b ⊂ T ∈ P. Since the intersection of a tower and E d is a d-cube, the intersection of P and E d is the union of countably many d-cubes {2 k } k≥0 , where (2), (3)) belong to P = k≥0 W (T k ). From (2) and (3) i . Therefore, in this case the union k≥0 2 k -where
Analogously, if there are only finitely many k, such that σ i . In this case k≥0 2 k is contained in the half-space
Otherwise, k≥0 2 k is unbounded in both directions in coordinate i.
So, k≥0 2 k is the intersection of half-spaces, which are bounded by pairwise orthogonal hyperplanes h i . Leth i be the hyperplanes in H d+1 , which are orthogonal to E d , and where h i =h i ∩ E d . By Proposition 4.3, it is clear that for the boundary ∂P of P holds:
Now we know the structure of the intersection of the pool P with the horosphere E d . Since a pool is a union of towers, and the boundaries of towers are (parts of) hyperplanes which are orthogonal to the considered horospheres, the support of a pool is uniquely determined by its intersection with such a horosphere. This proves the first and the third claim of the proposition.
From Proposition 4.3 follows that every pool is given uniquely by the equivalence class of its tails: Since for the union
we can forget about the first n elements.
Consider a tile T ∈ P, which touches the boundary of P. Then every tile in t(T ) touches the boundary, too. So, the tiles lying at the boundary determine all the tiles in the whole pool.
Since the tilings are face-to-face, the tiles on one side of the boundary determine also the tiles on the other side of the boundary. They are given by the reflection in the corresponding hyperplaneh i . If t(T ) ⊆ P has sequence
then the reflection in the hyperplaneh i maps T on a tileT , and t(T ) to the tail t(T ) = (T = T 0 ,T 1 , . . .), where t(T ) has the sequence
Now t(T ) determines its pool uniquely, and moreover, this pool is the mirror image of the first one. The latter can be seen as follows:
Reflection inh i does not affect the coordinates unequal to i. So equations (2) and (3) give the same values for both tails t(T ) and t(T ) (except in the i-th coordinate). For the i-th coordinate, the only possibility is σ
= −1, which gives essentially the same). Otherwise, again by equations (2) and (3), there would be a common element in the tails t(T ) and t(T ), which contradicts the fact that T andT are not in the same pool. Since T andT share facets, we have a
Therefore from equations (2) and (3) follows
, and
Let E d 0 be the horosphere, that contains the facet of T of type b. Then the vertices of the the intersection W (T k ) ∩ E d 0 are mirror images (with respect to h i ) of the vertices of the intersection W (T k ) ∩ E d 0 with this horosphere. These intersections determine the towers W (T k ), resp. W (T k ), uniquely, and these are mirror images of each other with respect toh i . The pool consists of the union of these towers, therefore the pools are also mirror images of each other, therefore congruent.
Starting with one pool P, we get in this way a second pool, a third pool (if there is any), and so on. After finitely many steps we get the whole tiling. All pools are obtained by reflections from one pool, so the fourth part of the proposition follows.
In particular we have established, that the pools are of an 'octant-like' shape: Their support is a half-space, or the intersection of two half-spaces with orthogonal boundaries, or in general: the intersection of k half-spaces with pairwise orthogonal boundaries. Moreover, the union of all these boundaries is the union of k hyperplanes, which are pairwise orthogonal. Obviously, these k hyperplanes dissect space into 2 k areas which are the supports of the pools. Thus the third part of the proposition follows again, and, by using the correspondence between cofinal-equivalence classes and tails and pools, the second part of the proposition is obtained.
Every pool touches the intersection of the mentioned hyperplanes, so the fifth part of the Proposition follows.
In the last proof we strongly used the fact, that horospheres in H d+1 are isometric to E d . This is also important in the following. Note, that most time we will consider either what is happening in a horosphere, or what is happening in the orthogonal direction. E.g., this orthogonal direction will be responsible for the occurrence of C ∞ in the theorem, and the horospheres will be responsible for the occurrence of G. The notation B d follows Coxeter, see [6] . B d is the group with Coxeter graph 4
Proof. Let S = supp ( ∂(P)), i.e., the support of the union of the boundaries of all pools. Let ϕ be a symmetry of T , i.e., an isometry with the property ϕ(T ) = T . Then, in particular, ϕ(S) = S. Throughout the following, ϕ always denotes a symmetry of T .
As an example, consider the case where S consists of exactly d hyperplanes. The intersection of these hyperplanes is a line in H d+1 . Now look at the intersection of S with any horosphere E d orthogonal to this line. (E.g., the boundary of a ring.) This intersection consists of d pairwise orthogonal hyperplanes h i in E d , intersecting in a common point. So this point must be a fixed point of any symmetry of T which fixes E d . Hold in mind, that in this special case the proof would be much easier than in the general case.
In the following, we will give an account of possible symmetries ϕ by considering different cases how ϕ acts on a tile T . We distinguish the cases by asking if the image of the tile is in the same ring or not.
Claim 1:
The tails of T and ϕ(T ) are essentially the same. To be precise: s(T ) and s(ϕ(T )) are equal, up to permutation of letters, and up to multiplication of full sequences (σ
Consider a tile T ∈ T and its imageT = ϕ(T ). Given the tail t(T ), then t(T ) = ϕ(t(T )). By Proposition 4.4, and since ϕ is an isometry, the sequence of t(T ) is essentially the same. If
) is the sequence of T , then the sequence ofT is
and π is a permutation on {1, 2, . . . , d}. Thus the claim follows. In particular, s(T ) is periodic, iff s(T ) is.
Denote the facet of type a of T k by f a . f a is also fixed under ϕ. Since ϕ is continuous, and f a is compact, there is x ∈ f a where ϕ(x) = x. So the line segment ℓ ∈ T k through x, which is parallel to the edges considered above, is also fixed by ϕ. Moreover, all its points are fixed. Thus, every point of ℓ ∩ R is a fixed point of ϕ.
Claim 5: Let T ∈ T . Every symmetry ϕ, where ϕ(T ) and T are in the same ring and in different pools, has a fixed point in this ring. Let T andT := ϕ(T ) are in the same ring and in different pools, say, T ∈ P andT ∈P. By Proposition 4.4, P andP intersect (at least) in a common line. Choose T 1 ∈ P, T 2 ∈P , such that T 1 ∩ T 2 contains a straight edge. (This is always possible: Since the tiling is face-to-face, the intersection can have only a few different constellations. Since the tiles are in the same ring they intersect at least in one straight edge.) The line spanned by this edge extends throughout the whole tail of both T 1 and T 2 . By the definition of a pool, these tails coincide with t(T ) resp. t(T ) from some point on. Therefore, t(T ) ∩ t(T ) is nonempty, namely, it contains a half-line which is a subset of ℓ. From ϕ(T ) =T it follows that ϕ fixes this half-line. By the same argument as in Claim 4, it follows that ϕ has a fixed point in the considered ring.
Claim 6: Let G = ϕ i i∈I be the group generated by all isometries of T , where ϕ i (T ) and T are in the same ring R for some T ∈ T . Then it holds: G acts on R as a crystallographic group. More precisely: The boundary of R consists of two concentric horospheres, say, E d and E ′ d . Let V be the set of all vertices of T . Then E d ∩ V is a lattice, if we regard E d as E d . By construction of T , this lattice is congruent to Z d . Let ϕ ∈ G. The map ϕ| E d -as an isometry of T , fixing E d -fixes V ∩ E d . Therefore, by definition, the set of all these isometries ϕ| E d is a crystallographic group acting on E d , fixing the lattice E d ∩ V . Now we are nearly done. The set of all symmetries of T which fix a ring acts as a crystallographic group, i.e.: restricted to a horosphere (a boundary of the considered ring) where this horosphere is regarded as an Euclidean space, it fixes an integer lattice (a square lattice, a cubic lattice etc.). These symmetries are well known, see e.g. [6] . Moreover, all occurring symmetries have a fixed point. In other words, the group contains no translation. By inspection of the known groups with these properties, we find that all possibilities are subgroups of B d (following the notation in [6] ), where B d is the symmetry group of a d-cube.
Altogether, we now have found two kinds of possible symmetries: Symmetries of a d-cube (possibly the trivial one only), and -if there is a periodic sequence -translations along a line, the line spanned by an edge.
There may be more than these, cf. the example after Theorem 2.10. But if there are two different symmetries ϕ 1 , ϕ 2 of T , which map a tile T onto different tiles in some common ring, then ϕ 2 • ϕ A consequence of Theorem 4.5 is that all Böröczki-type tilings are non-crystallographic. This can also be shown by Theorem 3.4, along the same lines as in Section 3 for the 2-dimensional tiling: It is not hard to convince oneself that the number of k-coronae in a Böröczki-type tiling in H d+1 for d > 2 is strictly larger than 2 k−1 for k ≥ 2, but a proper proof may be lengthy, and yields no new result. Nevertheless, the idea is as follows: Consider a Böröczki-type tiling in H d+1 with 2 d−1 pools. By Proposition 4.4, the pools intersect in a common 2-plane. The d + 1-dimensional tiling induces a 2-dimensional Böröczki tiling of this plane, with 2 k−1 different k-coronae. Each one induces a d+1-dimensional k-corona in a unique way. All these d + 1-dimensional coronae are different. Thus, the number of different k-coronae in H d+1 is at least 2 k−1 .
